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SUCCESSIVE REMAINDERS OF THE NEWTON SERIES

BY

G. W. CROFTS AND J. K. SHAW

ABSTRACT.    If / is analytic in the open unit disc   D   and   A   is a sequence

of points in  D   converging to   0,   then  /  admits the Newton series expansion

/(z) = /(A,) + s~=1 A* /(A„ + 1Hz- A,)(z- A2)-.. U-An),  where 4»/(:)  is

the nth divided difference of / with respect to the sequence A.  The Newton

series reduces to the Maclaurin series in case A^ = 0.   The present papet inves-

tigates relationships between the behavior of zeros of the normalized remainders

A* /(«) = A*/(Afc + 1> + 2~^+1  A* /U„ + 1)U - A,+ 1) . • - (z - Xn)  of the Newton

series and   zeros   of the notmalized remainders  2°° ,a   zn        of the Maclaurin
77=Ze    77

series for /. Let C, be the supremum of numbers c > 0 such that if / is

analytic in D and each of A^/(z), 0 s k < oo, has a zero in |z| < c, then

/ = 0.   The corresponding constant for the Maclaurin series   (C\,   where

A    = 0)  is called the Whittaker constant for remainders and is denoted by   W.
77 . J

We prove that   C>   S W,   for all   A,   and, moreover,   C.  = W  if   A e/j.    In obtain-

ing this result, we prove that functions  /  analytic in   D   have expansions of

the   form/(z) = 2o0 „A? /(z   )C  (z),  where |z      <  W,   for all n,   and  C  (z)  isJ72=0A72 77 '    721 77

a   polynomial of degree  n   determined by the conditions A^C,(z.) =   §■,.
X    k    i i k

1.   Introduction.   Let / be analytic in the open unit disc  D  and let  A denote

a sequence of points in  D.   The Newton series fot f is given by

oo

(l.i)        fiz) = /(Aj) + x a£/ub+1x* - Vfo - v • • • fo - \),

where   A"/ denotes the «th divided difference of / with respect to  À:

A"-7foj-A,rVfo. )
(1.2)      A°/fo) = /fo),     A"xfiz) = ~--,      72=1,2, 3, ••••

z - A
n

The series in (1.1) converges uniformly to / on compact subsets of  D  for each

A £Cf.,  the space of complex sequences converging to  0 (L10J, L4j).   Note that

(1.1) reduces to the Maclaurin series for / in case A   =0.   If A is the constant

sequence A    = z.,   then (1.1) is simply the Taylor series for /,  expanded about

z  .   In this case, convergence is guaranteed only in   \z- zQ\ < 1 - fo0l-
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In the present paper, we consider the behavior of zeros of the successive

lalized remainders  AÍ=/(A,    .) + 2°° .    , A"/(A     ,)
A' Ze+1 72=72+1        A' 72+1

0 < k < oo, of the Newton series.   In view of the identity

normalized remainders  A*/ (A,    .) + 2°° ,    ,A"/(A     fiz-k,    ,) • • • (z - A  ),
Ze + l 7Z=7è+l A' 72 + 1 k+1 72

(1.3) AXV(2) = A*A\ + 1)+   Z    ^fi\n+fiz-\k+f...iz-\n),
7!=fe + l

which follows from a simple induction argument, our problem is equivalent to study-

ing the zeros of the successive divided differences Aj~/ of /.    For A ec.,   let  C

denote the supremum of positive numbers  c  such that if / is analytic in  D  and

each of A*/(z), 0 < k < oo, has a zero in   |z| < c,   then / = 0.   The bound   C^ < 1

is part of the definition.   In 1965, M. Pommiez [lu] proved that  C    > .536  for each

A £ Cq.   Pommiez noted that  C.   might be independent of A for suitably restricted

sequences in  c_.

In the case when  A is the null sequence v  iv   = 0), C    has been determined
' 72 v

(LlJ, [2], [31, L6J).   Here, one considers the successive normalized remainders

Sfe/(z)= 1f=kf{n)i0)zn-k/n\   ik = 0,  1, 2, •••) of the Maclaurin series, or equiv-

alently, the zeros of the shift operator o  /.    The constant  Wio) is the supremum

of positive numbers  c  such that if / is analytic in  D  and each of ö   fiz), 0 <

k < oo, has a zero in   \z\ < c,   then  / = 0.   Clearly, we have

(1.4) Cv  =  IKS);

Wio) is known as the Whittaker constant belonging to o,   and satisfies   -549 <

Wio) < .562.   The following theorem, due to J. D. Buckholtz and J. L. Frank

([3], [2]) completely characterizes  Wio).

Theorem.   Let fiz) = 2°° . a z"  have radius of convergence 1 and let e > 0.
1 7Z=0        72 ' °

Then

(i)   infinitely many of the partial sums  2        a z"  have all their zeros in the

disc   \z\ <.W(S)-1 + e,

(ii)   infinitely many of the remainders  2°°       a z"~     have  no zero  in   \z\ <

(Wio)-l + e)-f

(iii)   Vi'(S) cannot be replaced by a larger number in either (i) 07 (ii).

Because of this result, the number  P = W(oA" X  is called the power series

constant.

Following our remarks concerning the null sequence, it is natural to ask

whether some extension of (1.4) holds for the nontrivial sequences in  cQ.   In this

direction, our principal result is

Theorem  1.   For each A e cn,   C\  > W(S);  moreover,   Cx = WiS) for each  A £

I, = \p: 2I-7.J <oo
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This is proved in § 3. To simplify notation in Theorem 1 and its proof, we

will abbreviate W{o) to W and drop the subscript A from A" when no confusion

is likely as to the particular sequence  A under consideration.

A further characterization of W, and one which we will need, is obtained from

the remainder polynomials B^fo; zQ, z y z , ■ ■ ■ , z ,). These are defined induc-

tively by

B0fo)= I,

77-1

(1.5) Bniz; zQ, xv •■•, *„_,) = zn -  ¿Z  znk~kBkiz; zQ, z v ■■-, zk_,),

fot n = 1, 2, 3, • • • )  where ¡2¡,L   0  is a sequence of complex numbers.   Let  H   =

max|B   (0; tzz     w .,-■■, w      ,)|>  where the maximum is taken over all sequences

luz   j"~^  in  D.   Buckholtz [l] proved that

(1.6) W-1 =  lim   HVn =     sup    HVn,
77—oo       " l<ri<oo       "

and that there exists a constant p, 0 < j8 < 1,   such that

(1.7) W"Hn>ß

fot  0 < 72 < oa  [3].   From (1.6) the   numerical  value  of   W  can be (theoretically)

calculated to any desired accuracy.

2. Preliminaries. The bound C, > -536 is a consequence of the following

expansion theorem of Pommiez.

Theorem.   Suppose that  f is analytic in  D  and c   is a number such that  0 <

c < .536.   Let  \z   i°°       be a sequence of complex numbers in   \z\ < c  and let  A e

cn.    Then there exists a sequence  \C   \ of polynomials,   C    of degree n,   such

that for all z £ D,

00

(2.1) /fo) = /fo0)+  E   Alfiz)Cniz).
77=1

From (2.1) the conditions A^/foJ =0, 0 < n < 00, imply / = 0. Thus C^ >

536,  A e c0.

We seek an expansion of the form (2.1) with milder restrictions on the sequence

\zk\.   Applying (2.1) to  lAz) = fo - A ,) (2 - A2) • • • fo - \) and noting  Ak Fiz) =

fo - A       )(z -K     ) • ■ ■ (z - A  ),  0 < zé < 72 -  1,   and  A" Fiz) =  1,   it follows that
k+1 k+2 n —       —

the polynomials  C  (z)  must satisfy

{z .. A,)fo - KA ... U _ A ) = (z   _ A.)fon - A ) ... (z   - A )

(2.2) 77-1

+ E(zk-K      )...{zk-Xn)Ckiz) + Cniz).
fe = i
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Then clearly   Cfz) depends on  zQ, z {, ■ • ■ , z^_ l and Xj, A2, • • • , A   .   Taking

Cq(z) = 1, (2.2) becomes

Cfz; z0, zv ■■-,zn_l; X,, X2, ... , XJ

(2.3). =(2-A1)...U-An)-£1(Zfe_Afe + 1)...(^-Ai2)
fe=0

"      fe    ' Z0' z1'''*'   z¿—1'1'2'"""'*

We therefore take (2.3) as our recursive defining relation, without regard to the

restrictions on  ^z¡fnflQ    imposed by Pommiez's theorem.

Lemma 1.   Let  \z.\._    and iA.|.       be sequences of complex numbers.    The

following identities hold:

AkCniz;z0,...,Zn_1;\l, -.-.XJ

(2.4)
= cn-iSz>zk> —» **-iS A*+i« ••■'A72)'   for °<k<n>

(2.5) Cn<*0Î*0',,"'r«_l!Ai'*"'A«)"0'       °>1-

(2.6) A*Cn(^;z0, •■-,zn_l; Xj, ..., Xn) = Stn>       0<4, «<»,

where 8,     denotes the Kronecker delta,
kn

C iaz: az., • • • , az     , ; aA,, . .., a A )
72 U n— 1 1 22

(2.7) =a»Cniz;z0,...,zrj_l;\v...,\f,        « > P,

where   a is a complex number.

Cn{x'Z0''-'*Zn-VKV •••'A„)

(2.8) =    Z   C7z-7e(\ + l!Z1fe'---'272-P A^ + !'  •■•.XnX«-XjX«-X2)... U-Xj,
ze = 0

72  >   0,

(2.9) Cniz;z0,...,zn_v0,..-,0) = Bniz;zQ,-.-,zn_f,        n>0.

Proof.   In (2.8), take  (z - A,) • ■ • (z - A¿) to be 1 if 4 = 0.   Note that (2.6)

implies that the polynomials  C  (z), 0 < n < oo,  together with the sequence of

linear functionals  / —♦ ârfizf), 0 < k < oo, form a biorthonormal system [41.

We establish (2.4) by induction on  77.    If n = 0,   then  k = 0 and the result is

trivial.   Let m  be a positive integer and suppose that for each /  such that 0 < / < "2

- 1 we have AfeC.(z; zQ, • • • , z._r Xj, • • • , A.) = C._fz; zfc.z._ t; Xfc+1, • • • , A.),
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0 < k < j.   Note that k > j implies  Ak C.iz) = 0,   since  C .(z) is a polynomial of

degree  /' in  z.    By (2.3) and the induction hypothesis,  k <m - I  implies

^CJZ> z0' •■■'zm-VXV •••' AJ

= A*(z-A,)...(2-A   )
1 771

-I^.-y.-.^-X^*^;«,.Vl;X,.X;

-U-A4+1)...U-AJ

7-  1

E-   E   fo7-\+1)---fo;-Ai7?)C;_fe(z;z^...,z;_1;A^1,...,A;)

«(z-A      )...(*-A   )
« + A 777

777— & — 1

E K^-\+fe+1)---^+fe-^Js(z;V---'zÍI+7:-,;\+i'---'\+zí)

Since (2.3) implies AmC   (z; z „,•••, z       ,;A,,-..,A   ) = Am(z - A, ) • • •
r 772 0 777-1'! 777 1

fo - A   ) = 1,  the proof of (2.4) is complete.

For the proof of (2.5), note first that C.fo0; z  ; A.) = (zQ - A.) -

(z. - Aj)C  (z   ) = 0.   Let  777 > 2  be an integer and suppose

C {zQ; zQ, • • • , z _ j; Aj, . . • , A .) = 0    for  1 < ; < m - 1.

Then

C777(;fo; z0' •••' Zm-P Al' •"' \J

= (z0-Aj) ... (z0-Aj

777-  1

-   E   fo.-A.+1)...fo.-Am)C.fo0;*0, •••.«..,; A,,..., A)
7=0

= (Zo_A1)...fo0-Am)_(Zo-A1)...fo0-Aj = 0.

The proofs of (2.7) and (2.9) are similar.   Equation (2.6) follows from (2.4)

and (2.5), together with the fact that  C (z) is a polynomial of degree n  in  z;

(2.8) is the Newton series expansion of  (fofo; zQ, ■ ■ ■ , z^_ t; A¡, • • • , A^).

A convenient representation for the coefficient  C (Ap zQ, • • ■ , z      j!

A   , • ■ • , A  ) in (2.8) is obtained by considering the infinite upper triangular

matrices  A   and  B  defined as follows:   for 0 <./, Te < oo  let
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\CL    ,(X*-/\-+i; V"*2*-i; A,+i'---' V'    ><k'

A.h =\\,     j=k,

0,       j > k,

(2.10)
U.-X. ,)(z.-A. J ... (z.-AJ,      j<k,

1 7+1        7 1+2 1 k '

ß;,=   jl, /-fc

'o,      j>k.
1

Thus   A,      is the zeth coefficient of  C   (z; z„,•••, z      . ; A,, ••• , A  ) in the ex-
kn 72 0 72 — 1 ' 1 72

pansion (2.8).   It is easy to show that the matrices A and B are mutually reciprocal.

For j < n,   (2.3) implies

t/]kBkn=ZCk_A\j + 1;zr...,zk_i;y^...,Xk)izk-Xk + f...izk-Xn)

72- 1

r   i\       .«,--.«. -X . . ,    x        „x _ ,v      ../... \^c       . — '«•  z
2+7       m+7 77Z+7 + 1 772+7 n

Y  C   iA.  ,;z.,...,z      .    .; A.   ., ..., A       )(z      .-X    ...,) . . . (z.. ..-XJ
¿-^        m      z + 1'      ; rn+7-1'      7 + I 772+7

= 0

= (A.  , -A.    XX.  , -A. .)... (A.     -A ) = 0.
7 + 1 7+1 l + l 7+2 7 + 1 72

By applying (2.8) and then (2.6) and (2.4), we obtain

Z B..A,    = ¿ (z.-A.  .) ... (z-A )C     ,(A       ; z  , ■■■, z     .; X    ,, ...,X )
'—'       ik    kn        '—'       7 7 + 1 ; k      72- k     Ze + 1'      k »2-1        Ze + i 72

_   'f7(z   -A    .)...(*.-A.     )

fe=7 Zs=;

72- j

z=0

C (X     . , ; z      .,••', z     , ; X      ,,..., A )
72—7—772        77Z+7 + 1 772+7 72-1'        772-f.J + 1 72

C       .(z .; z., •■-, z ; A       , ..., A   ) = 0.
72-7        7 7 72- 1 '        7+1 77

Since A      = B      = 1,  0 <»<«>, It follows that  Aß = BA = /,   where  /  is the
72 72 72 72 ' —

identity matrix.

Let zTz  be a nonnegative integer and define the  (ztz + l) by  im + l) matrices

Am   and  Bm   by

A7k-Aiv   B7k-Bik-   ° </.*<*
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Arguing as above, it follows that  Am   and  Bm   ate inverses.   Hence the entries

in  A      can be determined by considering the cofactors in   Bm.    In particular,

(2.11)

A™      = C   (A,; z  , ..., z       .; A., ..., A   )
0 ,777 777 1 '        0 777— I' I 777

(-l)mDe,

Uo-Aj)     U0 - Apis,, - A2)     ••■     i(z0- AjX^o- A2> •••(*„- xj

(z,  - X2) •••     [(z,  -  X2)(Zj - Xj) ••• (z,  - Xm)l

...     [(z2 - X3)(z2-X4)---(z2-xjl

L      o (z -1    "^

We will use (2.11) in establishing a relationship, in analogy to (2.9), be-

tween   C   (A, ; zA, ■ ■ • , z      , ; A ,,•■•, A  )  and   B   (O; z„ , • • • , z      ,)■   Note first
TZI'O 77—  11 77 77'0 77—1

that if z0 / 0,   then (2.3) and (1.5) give  C/A,; zQ; Ap) = - (zQ - A,) =

(fo   - A  )/zAli - zQ) =  (fo0 - Ap)/zQ)ß j(0;  zQ).   Substituting this expression into

(2.3), with  72 = 2,   and using (1.5), we obtain

C2(Ap z0, zi; A,, A2) = (fo0 -A,V2o)R2(g; z0, zj),

and similarly,

C3(Ap Ap A2, A3) = ((*    - A,), z0)[B3(0; z(), zp z2) - A2B2(0; zQ, z,)].

In general, we can prove the following result.

Theorem 2.   If n > 2 and z_, z ,.•■•, z      ,   are nonzero, then' — 0 1 77—1

C   (A. ; z   , z., • • ■ , z ; A   , A   , . • . , A   )
77 1 0 I 77—  1 ' I / 77

(2.12)
<o-*i

2<;,<•••<;

0sTe<77-2

(- 1)*A. A    ... A
7,    72 7

B      ,(0; z  , Zp •• -, z .,•••, z    ,•••, z    ,•■• , z     ,
77- Ze 0 1 ; j J2 7¿, 77     ■

The summation in (2.12) is taken over all possible configurations  KpiKp2

■ ■ -Kpk   such that   2</>1</72<---</7fe<72-  1   and  0 < ze < 72 - 2;   if  k = 0  we

take   Ap    • • • Ap,  =  1.   The symbol  Zj.  means that the variable  Zj.  has been re-

moved; thus
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ß„     í.(0;   Z    ,   Z.,   ■ • ■ ,  Z       ,   ■ ■ ■ ,  Z .    ,   ■ ■ ■ ,  Z       ,   • . . ,   Z ,)
n- k U        í ; j ¡2 j^ 77- 1

ß72-fe(0;Z0'   *V   •••»*/,-!•   */|+l.   ••«,.*
2

;2+l ;fe-l       7fe + l 77-1

To prove Theorem 2, we need the following technical lemma concerning the

remainder polynomials.

Lemma 2.   If n > I,  then

S77 + l(°;z0> *V z2> ■"'Zn)

(2.13)
= ^0Bn(0; z0, z2, z3, . . • , »J - z0Bn(0; z,, *2.z).

If n> 2, zQ / 0    and z l / 0,   '¿era

8n(0; z0, Zp z3, z4, •-,zj

(2,14) = ß„(0; *0. r2. z3, ...,*.)- fo0/2i)B,(°; zl' z2' • • • ' *>

Proof.   Consider (2.13).   If « = 1,  then

20Bj(0;z0)-«0Bi(0; z1) = z0(-z0)-z0(-Zp) = -z2 + z0z1 = B2(0; zQ, z,).

Let  T2  be a positive integer and suppose that (2.13) holds for the integers  k

such that   1 < ze < 72.    Then by (1.5),

72 + 1

B     2(0;z0, zpz2,-..,z       ) = -  E «r2-*BA(0;V*I',"'*A-l)
7e=0

- - z-2 - z"^Bl{0; z0) -   E   *r2'Sl**-l(°; 20< *2» "' • **-l)
/e = 2

- Bk_ti0; zp z2, •••,zfe.I)]

77 + 1

- - z"+2 - 7      V    2-* + 2~*R (0-   5-       7       ...     7 )
Zq Zq    ¿^   z^ Dk-\     '     0'     2 k-\

k=2

77+1

7e = 2

= znB     AO; z„, z-., zx, • ■ • , z     ,) - znB     ,(0; z,, z9, • • • , z     ,).
0       72 + 1 '023 77 + 1 0       77 + 1 ' 1 2 72 + 1
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For   the proof of (2.14) note first that  B2(0; zQ, z f - iz^/zfBfO; zy z f =

-z02 + z0 z2-iz0/zfi-z\ + zx z2) = -z2 + z0z2 + z0 z,-z0 z2 = -z02 +

z0 z\ = S2^0; ZQ> zi''   If (2.14) holds for the integers  k  such that  2 < k < n, the

S77 + i(°;zo' *v zy ■••'z„+i)

-zQ+1-z^-zQ^"i:zr2-kBk.fo;z0,z1,zy...,zk_f

22 + 1 _

'" + I + z   z" -  Y   zn+2-k\ B
-Q       + 2o2l        ¿-   zk \tik

fe=3 L
1 ̂    > z C\' z~>' z%'j\«, ^.q, ^2, ¿^, • • • , z^_ ¡ <

'o
•~   ß7e-l(°;Zl'  22' •••'Z7e-l)J

72 + 1

-z^-ZnBfO;z0)-   ZzT2-kBk_fO;z0,z2,...,zk_f
zfe = 3

+ znzI+z^ß1(0;z0) + ̂    LfV/^l'V-'Vl'
1   ze=3

72+1

~ Z0+     -   Z  zl+ ß7e-r0; Z0'  Z2'  23' ' " ' Zk-l'
ze = 2

\ [«r'+^i
Z, 72 + 1

"0       Ze=3

B       ,(0; z-,  z,,  Z-, • • • , Z      f
72 + 1      '      0        2'      3' n + 1

(o;-o)r+^zr2"V.(°;zPz2'---'zi=-i:

z^1+z^B1(0;z1)+   Z  zT2'kBk.fO;zvz2,...,z
k=i A

= ß„ + !(0; z0, z2, ...,zn + f-iz0/zfBn + fO; zv z2, ...,zn + f,

and this completes the proof.

Prool of Theorem 2. The proof is by induction; the case n = 2 has been es-

tablished. Suppose now that tz > 2 and (2.12) holds for the integers k such that

2 < k < n - 1. Taking m = n in (2.11) and expanding the determinant by the first

column, we have

C„(V>Z0'    '"'*n-V   Al'    •••'A,2)

= (-O"[(-l)"-IU0-AI)Cn_1(A2;z],22,...,z!!_1;A2,A,,...,An)]

_(_1)»[(- D"-1U0-A2)Cn_1(AI;z0, z2,...,zn_i; A,, A,,..-, An)].

By the induction hypothesis,
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cMAp z0, ••■.z„_1; A,, ••■, A )

= -(z0-AI)

3<>,< •••<] ,<n— 1

0<Ze<77-3

,fo-Al
+ fo0-A2)

"0

E (-D*A.    ...A. B      .    À0;z.,z, •, Z .  , • • - , z    ,

E (rl->k\  -M».t.^V^-'V"-^1^- j, y,     72-ze-t u      / j. ;,
3<7,<...<;/fe<77-l i ze t ze

0<7é<77-3

By (2.13) and (2.14), the coefficient of iizQ - Aj)/z0)(- l)kK.    • • ■ A.

by

-((z1-A2)/z1)z0Br¡_fe_1(0; zp z2, •••.*•> •••.*,-. •••'^72-l)
1 fe

+ (zo-A2)ß7i-fe-i(°; zo- z2> ••■'Z,y ■•"'z7fe' '

z„R ''«. -
"0"n~fe-lVU ' ~0'  22' " ' ' Z/   '  ' - - ' zj ''  " * - ' Zn-\

(ñ /\       ^ Ï
U     t?— fe— I 1        ¿ ;, 72 n— i

- À [ß i(0; zft» 2r,, • • • » ar.  , • • •, z . , • • •, z      .)
l 71— fe — i U ¿ ;. ;. 77—1

- U0A1)ß„_fe_1(0; Zp z2, •■•,*., •••,z.  , ••
1 /fe

=   B72-7é(0;   Z0-    ZV    Z2'    •••'Z,1'    •••'   Zj¿    •••'Z77-l)

-A2B»-fe-i(°! 2o- 2i'^' •••'foy '"'foy ■••'27,-i)-

Henee,

C„(Ap z0, ■•-,z?¡_p Ax, -..,AJ
'^ Z HA.   -A

Z0     /  3<,,<...<;,<77-l 71 'ze
'1 '7e£
0s/e<77-3

2o-Ai

ß„„z.(°; 2n» zt< •'•>Z.  ,n-V   '     0' "1 7

/S A
, z. ,

X      (-i)^V- — a.
3 <;.<•••</,< 77-1 fc

0</fe<77-3

r in /s. /\ -A
- ö„_ze_lvu' zo> zl« zi> •••' zy ' ■•"' zy '



SUCCESSIVE REMAINDERS OF THE NEWTON SERIES 379

\   "o   ) 2</I<-..<y <72-i 1 'k

0<k<n-2

'B„.k(0;z0,zv...,z^,...,í¡\...,zn_l),

and this completes the proof.

We conclude this section now with a lemma to be used in § 3 below.

Lemma 3.    Let  n > 1  and suppose that the complex numbers z , z ..■■■, z

lie in the disc   \z\ < W.    Then

(2.15) \BniO;zQ,...,Zn_f<l.

Moreover,  there  exist  complex  numbers   £., £., • • • , Ç,      ,   on the circle   \z\ = W

such that

(2.16) \BfO;Ç0,Cv---,Cn„f\ = W«Hn.

Proof. Let wk = zJW, 0 < k < n - 1. Then \w k\ < 1, 0 < k < n - 1, and

(2.7), (2.9) and (1.6) imply |Bß(0; zQ, •••, «„_,)!= »"MS^O; z7zQ, ■••,wn_f\

< VV"F/    < 1.   For (2.16), the maximum principle permits us to choose points   w

w ', • ■ • , w '       on the circle   \z\ = 1   such that   |ß  (O; w', ■ ■ ■ , w '     )\ = H   .   If

Ck = W w', "o<k<n-l,  then   \BfO; £Q , • . . , Cn"_ f\ = \WnBfO;"wf • • • , w'_ {)\
= WnH  ,   and this completes the proof.

3.   Matrix transformations on the space   it .   If r > 0,   we denote by  (1    the

complex vector space of functions analytic in the disc  D   = \z:    \z\ < r\;   (1 ,

given the topology of uniform convergence on compact subsets of  D ,   is known

to be a Fréchet-Montel space [81.

Let  A £  cn have terms in  D    and define  cr iz) = 1,  a iz) = (z - A,)(z - A,)
0 7 0 ' 72 12

• • • iz - A ), n = 1, 2, 3,.   Then  [cr   S°°      is a basis for  (l    [lOl; in fact,   / =
72 ' ' ' 72    72 =0 r '     '

2.°° „ a   o    is the Newton series expansion for  / £ Ct .   It is not difficult to show
72=0       72     72 r I r

that  / = 2°° n a o    belongs to  Ü    if and only if  lim sup     „ \a        " < r~   .   Thus
' 72=0       72     72 & r ' r72-^00 n —

we may identify   (1    with the space of complex sequences  x = ixQ, x., • • ■ )  such

that  lim sup Ix      '" < 1/r.r72 —OO 72 —

Let  AI  be an infinite complex matrix and let / = (/», /.,•••) £ (1 .   Then   Mf

is the sequence whose zzth term is given by  (Mf)   = —T_0 M  kf k-   We say that  M

maps   (t    to  (t    provided that / ett    implies  Mf e Ct .   The following theorem of

M. M. Dragilev ([sL [6]) characterizes a large class of matrix transformations on

a.
7

Theorem 3.    Let  M   be an infinite upper triangular matrix such that   A1¿lj =

1,   0 < k < oo,  let  N   denote the unique upper triangular inverse of AI,   and suppose
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R > 0.   A necessary and sufficient condition that either M  or N  map  CÎ    one-to-

one and onto  (1    for each  r > R   is theiat

(3-D lim sup   i max   |/M.  |/?'-"]    "<1
n_0O        |_0</<« '" J

and

(3.2) lim sup   [max    |/V JR7~"1    "'< 1.
77 —oo I  0<)<n ' J

Furthermore, it is not difficult to show that either M  and N  simultaneously map

il    one-to-one onto itself or neither does.

Lemma 4.   Suppose  R > 0  and let |A, \T_,  and \z, |?°_.   be sequences in  DR

such that  A,  —• 0  and  \zA < WR,   0 < ze < oo.   Tierz ¿èe matrices A  and B  of

(2.10) Söifs/y (3.1) and (3.2).

Proof.   Consider the matrix  B.    If  r   =   A   |,   1 < ra < oo    and  i < k,   then
77 77 ' — '

IB.. | = |fo.-A. ,)(z.-A. ,)... fo.-A,)¡
1     j/V        I      ; 7 + 1        7 7+2 2 ze

<(U'R + r.   ,XWK + r.   A ■•■ fo'R + r .)

= (WR)*-'[(1 + r.  ,/H'R) ... (1 + r./WR)]
J + l fe

< iWR)k~Ai + fjXi + i2) • • • d + *k),

where  e    = r /{WR).   Now (    —> 0  and therefore
77 77 n

lim  1(1 +í,Xl +e?) ... (1 +6  )]1/n= 1.
1 Z 77

77—oo

Since   W <  1,   we  have   |B •fe|R,'~^ < ^"'(l + «,)(! + <?2) • • • (l + ffc) <

(l + f.Hl + ffo'-'d + f,)  and it follows that
12 Ze

.lim sup [  max   |B  AR' £ '■•
í,-ocr   I 0<7<ze        lk

For the matrix  A,   (2.7) implies

^Jfirt = ifo-/A;+Av'R''--'fo-i/R;A,+>/R'''-'Vfi)i'

for /' < zé.    By the maximum principle, there exist points  w., w.     , • • • , u>k on the

circle   \z\ = W such that  |Ajfe|R,"'fe < \Ck_.{p. + ]; w., • ■ • , u>h_¿ /zy+, , • • ■ , /^)|, where

zx. = A .,'R, I < z < oo.   By (2.12) and Lemma 3,
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\Aik\*
i-k

w .
l

*Vi
w .

1

l#*».H#**
z' + 2<ö , <>.. <p   <ze— 1

1 72

0<72<fe-7-2

W + 1
<_-IJ-(l + |ix1|Xl + |-z2|)...(l + |ftfe.I|).

Since   |/z.J —♦ 0,   it follows that  lim sup^^ [maxQ< .   k \A .JP7   fe]1/fe<l;   an¿

this completes the proof.

Theorem 4.   Let f be analytic in  D,   let  0 < R < 1;   and suppose that

!zzJz,_0   and 'Xtîi°=i   are sequences in  D  such that   \z,\ < WR,   0 < ze < oo,  and

A^ -» 0.   T/zctz

(3.3) /(z)=   Z  A*/(z,)C,(z; 2   ,
fe=0

U1; Xj, ..., Afe),

with uniform convergence on compact subsets of D.

Proof.   By Theorem 3 and Lemma 4, the matrices  A   and  B  map  Ct    one-to-

one and onto  Ct    for each  r> R,   where  0 < R < 1.   Thus  A   and  B  map Ct j   one-

to-one onto itself.   By a theorem of Köthe and Toeplitz l9l, A   and  B  are weakly

continuous and, hence, [11, p. 1581 are continuous.   It follows that  \A(o )\°° .r 72      72 =U

is a basis for  Ct.,   since  \o j00      is a basis.   But (2.8) implies that  Ai°~ )(z) =
1' 72   77=0 r n

C  iz: zn, ■ • ■ , z      . : A   , . . . , A  )  (0 < ?7 < oo) and therefore functions  / eCt,  admit ex-
72 0 22—  1 '        1 72 — ' 1

pansions  /(z) = 2^     a^C^Cz; z., • • • , z,    ,; X,, • • • , A, ) with uniform convergence on

compact subsets of D.    The linear functionals  g     ' A' gizf,   0 < ;' < oo,  are

readily shown to be continuous.   This fact, together with (2.6) implies   a,  =

A   fizfi 0 < k < oo,  which completes the proof.

Since  R < 1  is arbitrary in Theorem 4, (3.3) implies that  C^ > W fot all

A e cQ,  which proves the first part of Theorem 1.   To complete the proof of The-

orem 1, we will prove that for each  A e /¡,   there exists an extremal function   F

e Ctj   such that each of A^F(z) has a zero in   \z\ < W  but  F 4 0.   With the expan-

sion (3.3), this will imply  C   < W for all A e / r

Thus suppose A e f   and let rk = |Afe|,   1 < k < oo.   Then the sequence  s^ =

(l + r1)(l + r2)'--(l + r  ) converges [7, p. 2231 and so there exists a constant

K > 1   such that  (1 + r,)(l + r,)-- ■ (1 + r )< K  for all  n.
1 2 72

Let N  be a positive integer such that r   < W/2}  for n > N,   and such that

S°°_N r   < ß/iß + 2) (see (1.7)).   If « > N,   there exist, by Lemma 3, points  ~0
(72)

An) An)

(3.4)

i   \z\ = W  such that

!„_ZVVU> ZN   ' ZN + V
un—H 1z(n),)\ =Wn~"H

n-N'
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For 72 > N,   define   F  iz) = C  (z; z' n)
- n 77     '     0

(3-5)     W-ic^^,™,
7e = 0

As in the proof of Lemma 4,

,M
■k   '\C      ,(A,    ,; z\n)

77- Ze     7e + l        t
ZM   ■ A

' Zn-1'     2e + r

,(77)   . A
"77-1-    r

.(77) . a

, A

A  ).   By (2.8), we have

, A W fo).
n     k

< ÜW + O/WXl + r,Xl + r2) - ■ • (1 + rn_ A - ((\V + l)/W)K,

fot 0 < k<n.   Therefore for n > N  and z £ D,   \Fniz)\ < iiW + l)/W)K lnk_Q [akiz)\.

Noting  that    Sff^l    is   a  basis,   the  sequence   \Fn\™_N   is uniformly bounded

on compact subsets of D.   Therefore, there exists a set 5  of positive integers

such that the sequence |F   I   e<.  converges uniformly on compact subsets of D  to

a function  F £ Ct p   For each nonnegative integer  ze,   the sequence  |A  F   \   £_

converges uniformly on compact subsets to A  F,   by continuity of the map  / —>

A  f.    Since  A  F  {z" ) = 0,  ra  £ S,  uniform convergence implies that A  F  has a

zero on the circle  |z| = W.

To complete the construction, there remains to show  F / 0.   Since  Fiz) =

FiK1)+^=1AkF{Kk+l)ak{z), it suffices to show that ANF(AN + p) ̂  0.   By (3-5).

A"F(AN + 1) = limtCn_N{KN + vz<N»\...,z^lvKN + i,...,Kn).
77^0

For each ra > N + 2,  (3.4), (1.7) and (2.12) imply that

A")  ...     („)
'Cn-z\r   zV + 1' ZN   '

zw"  ■ A
77-p   /v + r

z(h)-A
z\ /V + 1

,(")
ß- E

N+2<p •<p   <n— 1
fo,fo2

Writing rn = rv + 2+ rv+3 +

l<77i<77- N- 2

+ r  _ p  the previous inequality implies

|C„.N(AN + 1;^),---,^-PAN + i---'A77)l

2 _„_N-2,
>--—1/3- r   — r

77 72

4-süN
for each n £ S with  ra > N + ¿,  and it follow that  |A;N/F(AjV + p)| > /3/4 > 0.

Remark.   Fix  p > 0  and define  C.   p to be the supremum of numbers  c > 0



SUCCESSIVE REMAINDERS OF THE NEWTON SERIES 383

such that if / € Up and each of A^fiz), 0 < k < oo, has a zero in   \z\ < c,   then

1 = 0.   By taking  0 < R < p  in Theorem 4, we see that  C.   „> pW  tot all  A e cQ.

It A e /j,   let p = p     A = (p     Ap p"   A2. . . .) and construct the extremal function

F e Ctj   with respect to the sequence ft-   Define  Giz) = Fiz/p).   Then  G e CÎ   ,

G / 0,   and each of  A^ Giz) has a zero on   \z\ = pW.    It follows that  C        = pW

for A e / j.

Added in proof.   The authors wish to thank Professor J. L. Franks for point-

ing out this problem.
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