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SUCCESSIVE REMAINDERS OF THE NEWTON SERIES
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G. W. CROFTS AND J. K. SHAW

ABSTRACT. If f is analytic in the open unit disc D and A is a sequence
of points in D converging to 0, then f admits the Newton series expansion
f(2)=f)+ }::":l A: f(An+1)(z - Al)(z - )«2) cee (2 —An), where Ailf(z) is
the nth divided difference of f with respect to the sequence A. The Newton
series reduces to the Maclaurin series in case A, = 0. The present paper inves-

tigates relationships between the behavior of zeros of the normalized remainders
M@ =R DHET, a7 A, DE =N )oee (2=)) of the Newton

series and zeros of the normalnzed remainders E°° 2% 2" —k of the Maclaurin

series for f. Let C, be the supremum of numbers ¢ > 0 such that if f is
analytic in D and each of Akf(z) 0< k < oo, has a zero in |z| < ¢, then
f=0. The corresponding constant for the Maclaurin series (C), where

A, =0)is called the Whittaker constant for remainders and is denoted by W.
We prove that C, = W, for all A, and, moréovet, CA =W if Aely. In obtain-
ing this result, we prove that functions f analrtic in D have expansions of

the formf(z)=3 ZOOAK f(zn)Cn(z), where lzn < W, for all n, and C L(2) is

a polynomial of degree n determined by the conditions al Ck(z )= 3. ik

I. Introduction. Let / be analytic in the open unit disc D and let A denote

a sequence of points in D. The Newton series for { is given by
(1.0 f2) = (X)) + Zl AR Nz =AMz =A) eee (2 =),
where A} { denotes the nth divided difference of / with respect to A:

A= 14(z) - A7)
(1.2 AR = fz),  Afz) = flz )\)‘ A, y om=1,2,3, ...
Zz -

n

The series in (1.1) converges uniformly to f/ on compact subsets of D for each
A €c,, the space of complex sequences converging to 0 ({101, [4]). Note that

(1.1) reduces to the Maclaurin series for [ in case )\n = 0. If A is the constant
sequence A =z, then (1.1) is simply the Taylor series for /, expanded about

z,. In this case, convergence is guaranteed only in |z —-zol <1- lzol-

0

Presented to the Society, August 30, 1972; received by the editors September 5, 1972.
AMS (MOS) subject classifications (1970). Primary 30A98, 30A40; Secondary 30A16.
Key words and phrases. Newton series, zeros of remainders, extremal functions,
matrix transformations.
Copyright © 1973, American Mathematical Society

369




370 G. W. CROFTS AND J. K. SHAW

In the present paper, we consider the behavior of zeros of the successive
normalized remainders AI:/()‘}HI) + 2:0=k+1 A’;/(/\m_l)(z —~/\k+l) coe(z - )\n),

0 < k < o0, of the Newton series. In view of the identity

(1.3) Aff(z) = A’f/(?\,HI) + 2 AR, Dz =4y ) eee (2~ A,
n=k+l

which follows from a simple induction argument, our problem is equivalent to study-
0 let CA
denote the supremum of positive numbers ¢ such that if [ is analytic in D and
each of Af/(z), 0 <k <o, has a zero in |z| <¢, then [=0. The bound C, <1
is part of the definition. In 1965, M. Pommiez [10] proved that G, 2 .536 for each
A € c,. Pommiez noted that C, might be independent of A for suitably restricted

ing the zeros of the successive divided differences A’;f of f. For A ec

sequences in c.

In the case when A is the null sequence v (l/n =0), C, has been determined
([1), (21, (3], [6D). Here, one considers the successive normalized remainders
Sk/(z) = Ezo:k/(")(O)z"_k/n! (k=0,1, 2, +..) of the Maclaurin series, or equiv-
alently, the zeros of the shift operator & /. The constant W(d) is the supremum
of positive numbers ¢ such that if { is analytic in D and each of S rz), 0<

k < oo, has a zero in |z| < ¢, then f=0. Clearly, we have

(1.4) c, = W(S);

W(d) is known as the Whittaker constant belonging to S, and satisfies .549 <
W(S) < .562. The following theorem, due to J. D. Buckholtz and J. L. Frank
([31, [2]) completely characterizes w(d).

Theorem. Let [(z) =X
Then
(i) infinitely many of the partial sums ZIZ:O anz" bhave all their zeros in the
disc |z| S:W(g)—l + €
(ii) infinitely many of the remainders X7 anz"']e have no zero in |z| <
(0 )
(ii1) W(S) cannot be replaced by a larger number in either (i) or (ii).

o @,%" have radius of convergence 1 and let ¢> 0.

Because of this result, the number P = W(S)~1 is called the power series
constant.

Following our remarks concerning the null sequence, it is natural to ask
whether some extension of (1.4) holds for the nontrivial sequences in c;. In this

direction, our principal result is

Theorem 1. For each A €cy, C, > W(S); moreover, C, = W(S) for each A €
Io=1p p | < ook
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This is proved in $3. To simplify notation in Theorem 1 and its proof, we
will abbreviate W(8) to W and drop the subscript A from A} when no confusion
is likely as to the particular sequence A under consideration.

A further characterization of W, and one which we will need, is obtained from

the remainder polynomials Bn(z; LIS PYREEEE 1)‘ These are defined induc-
tively by
Bo(z) =1,
n=-1
(1.5) Bn(z; ZO’ Zyseees zn-l) =27 - kz:o ZZ-kBk(Z; ZO’ Zl, ceey zk—l)’
forn=1, 2,3, ..., where {zk}f::O is a sequence of complex numbers. Let H =
max IBn(O; Woy Wiyt oo W, l)| , where the maximum is taken over all sequences
tw, Z;Ol in D. Buckholtz [1] proved that
(1.6) W=l < lim HY" = sup HY7,
n—o0 l<n<oo n

and that there exists a constant 3, 0 < 8 <1, such that
(1.7) WrH_ > B

for 0 <n < [3]. From (1.6) the numerical value of W can be (theoretically)

calculated to any desired accuracy.

2. Preliminaries. The bound C, > .536 is a consequence of the following

expansion theorem of Pommiez.

Theorem. Suppose that { is analytic in D and c is a number such that 0 <
c <..536. Let {zn}:’:O be a sequence of complex numbers in |z| < ¢ and let X €

c.. Then there exists a sequence {Cni of polynomials, C, of degree n, such

o
that for all z €D,

@.1) f2) = flz)) + X Apflz )C (2).
n=1

From (2.1) the conditions A';f(z") =0, 0<n <o, imply f=0. Thus C, >
536, A € c,.

We seek an expansion of the form (2.1) with milder restrictions on the sequence
izk}. Applying (2.1) to F(z)=(z - )\l)(z - /\2) vz - )\n) and noting A* F(z) =
(z - /\k+1)(z “"\k+2) oo lz - )\n), 0<k<n-1, and A" F(z) = 1, it follows that

the polynomials Cn(z) must satisfy

(z - Al)(z —7\2) ceilz = 7\") = (zo - )\l)(zo - )\2) cee (zo —)\n)

(2.2)

n-1
+ 2 (z, - )\k+l) cee(z, = A )C,(2) + c (2).
k=1
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Then clearly Cn(z) depends on zy, z;5+++,2, ; and A}, Ay, -+, A . Taking
Co(z)= 1, (2.2) becomes
Cn(z; ZO’ zl, ceey zn_l; AI’AZ, o..,.)\n)
n-1

2.3) . =(z-/\1)'--(z—)\n)—kz-0(zk—)\k“)--v(zk—)\n)

. Ck(z; Zg Zys vty 2,15 )\1, )\2,..., Ak),

We therefore take (2.3) as our recursive defining relation, without regard to the

restrictions on {zk}',::ol imposed by Pommiez’s theorem.

Lemma 1. Let {z’}:;o and N1, be sequences of complex numbers. The

following identities hold:

k . .
ARC (a5 2gs vvrz, 5 Ay s A)
(2.4)
= Cn-k(Z; ZpstersZ_g; Ak+l’ cee, )\n), for 0 < k< m,

2.5) Clzgszgserenz, 15A5 00,0 )=0, n>1,

k
(2.6) A Cn(zk; zo,---,zn_l;hl,---,An)=3kn, 0<k n<o,
where 3kn denotes the Kronecker delta,

C (oz; azgs ooy @z _15aA 0, -0, ol )

2.7) =a"Cn(z; zo,---,zn_l;/\l,...,)\n\, n>0,

where o is a complex number.

Cn(z; zo,n..., zn_l; Al’ -..,/\n)
(2.8) = z(:, Cn—k(/\lul; Epr 2 )‘kn’ T )‘n)(z - Az - A) ez - )‘k)’

n>0,

(2.9) Cn(z; zo,...,zn_lgo, ...,0)=Bn(z; ZO, ceey Z 1)9 7120.

n-—-

Proof. In (2.8), take (z —-)\1) ez - )\k) to be 1if k& =0. Note that (2.6)
implies that the polynomials Cn(z), 0 <7 < =, together with the sequence of
linear functionals f— Ak/(zk), 0 < k < =, form a biorthonormal system (4}.

We establish (2.4) by induction on n. If » =0, then k=0 and the result is
trivial. Let m be a poéitive integer and suppose that for each j such that 0<j<m
—.1 we have A"C,.(z; Zgrtr a2y AperesA)= C]._k(z; Zprt a2y A RTRRE )\j),
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0 <k <j. Note that &> implies A* Cj(z) =0, since C].(z) is a polynomial of
degree j in z. By (2.3) and the induction hypothesis, &£ <m —:1 implies

.Aka(z; Zgy sz, A ,"'a)\m)

. -1
=Ak(z-)\l)...(z_)\m)

m=1
- - veilz. = k(o '
,E) (Zj )\j“) (z]. )\m)A C].(z, Zgs tte 2 Ay ooy Ai)

=(z=-A ) (z=2)

k+1

m=1
= é (Zi - Aj+l) cee (zj—)\m)cj_k(z; Zps s zj~l; Ak+l’ ey )\])
=(z—)\k+1) (z-)\m)
m=k-1
- p;o (zp+k_Ap+k+l) (zp+k—)\m)Cp(z; Zpo a2y 4 1 )\k+l’ cer, Ap+k)
= Cm_k(z; EIORRE TS SRR YRR PR A
Since (2'3) implies A"‘Cm(z; ZogrrreaZ A s )\m) = A"(z - )tl) e
(z=A ) =1, the proof of (2.4) is complete.
For the proof of (2.5), note first that C,(zp; 75 A;) = (z = A) =
(zo - )\I)CO(ZO) = 0. Let m > 2 be an integer and suppose
Ci(zo;zo,...,zj-l;)\l,...,)\,i)=0 fOtlSjSm—l.
Then

C(zgi2gr=2os 2,3 Aseees A )

=(zo—)t1)---(zo—)\m)

m=-1
- go (zj-)\j“) (z].—)\m)C,.(zo; Zgsttts 2y Ay ooy /\],)

Czg A ee(zg = A ) = (zg = Ap) ee 5y = A ) = 0.

The proofs of (2.7) and (2.9) are similar. Equation (2.6) follows from (2.4)
and (2.5), together with the fact that Cn(z) is a polynomial of degree n in z;
(2.8) is the Newton series expansion of 'Cn(z; Zgo e Z, g )\l, ey )\n).

A convenient representation for the coefficient Cn()tl; Zgatrrs 2,05

<o )\n) in (2.8) is obtained by considering the infinite upper triangular

Aps

matrices A and B defined as follows: for 0 <j, & <o let
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CoofMiuvi zp oz A e Ny i<k
Agp=1L i= k,
0, >k
(2.10)
(z]. - 7\].+1)(z]. = A (z, - A i<k,
Bh=1{lL, 7=k
0, >k

Thus A, is the kth coefficient of C_(z; z Apseees A ) in the ex-
n n n

cee , Z :
0’ [ N
pansion (2.8). It is easy to show that the matrices A and B are mutually reciprocal.

For j <m, (2.3) implies

n n
k§‘ AjeBrn = kz_:,- Coe i3 2p vz 3 A e ANz =A )z =)
n=j
= ZO Cm()\f-"l; it Z =10 )\i+1’ Tt /\m+j)(zm+]' B Am+i+1) Tt (zm+j - An)
m=
= ()\j+l - )‘i+1)()\;‘+l - )\”2) eee (Aj+1 - )\n) - 0.
By applying (2.8) and then (2.6) and (2.4), we obtain
n n
Bixhn = 2 T MIC, A5 2 0 20 A oo A)
k=j k=j
n—j
= Z (zj— )\]+1) . (z].—- )\j+m)
m=0
ﬂ—j—m()\m+j+1; Zmai? T Fp= 1 Am+]’+1’ Tt An)
= Cn—j(zj; z],, ceey zn—l; )\j+1, ceey )\n) = 0.

Since A, =B, =1 0<n<, It follows that AB = BA = I, where [ is the

identity matrix.
Let m be a nonnegative integer and define the (m + 1) by (m + 1) matrices

A™ and B™ by

A;,"k=A., BT =B

0<j, k<m
ik ik ik’ hy sm
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Arguing as above, it follows that A™ and B™ are inverses. Hence the entries

in A™ can be determined by considering the cofactors in B™. In particular,
(2.11)

m _ . .
AT m= CaMis2gr sz A 5 2D
[z = A (zg = A(zg = Ap) =+ [lzg = Apzg = A o (zg = )]
1 (zy = Ay N [ P C I VO R RNE A xm)}
0 1 cee lzy = Ay = a2y =)
= (~=1)"Det
. 0 0 (Z,_17 Ay J

We will use (2.11) in establishing a relationship, in analogy to (2.9), be-
tween C (A \5 20, 52, 3Ap s A ) and B (052,52, ). Note first
that if z #°0, then (2.3) and (1.5) give C (A;; 25 A) == (2, - A )=
((ZO —/\1)/20)( - ZO) = ((z, - )\1)/20)3 ,(0; zo). Substituting this expression into
(2.3), with » = 2, and using (1.5), we obtain

Cz()\l; Zgs 215 )\1, )\2) =((zo - /\1)/20)82(9; 2z zl),

and similarly,

CS(/\I; Zg) 215 Zy; )\l, )\2, )\3) = ((zo - /\I),/zo)[BS(O; 20, 21 zZ) - )\ZBZ(O; Zg, Zl)]’

In general, we can prove the following result.

Theorem 2. If n > 2 and z, 2 “»z,_ are nonzero, then

TR

Cn(’\l;zo' Zpr A Ay e, )‘,,)

zg = Ay
20 25 <eee <) s n=1 1 12 Tp

O<k<sn=2
VS 2\
Z .

. . oo ) ce ez ces, Z
Bn-—k(o’ Zgr Zq ’les ’ ]2, ’ lk’ )

).

n=-1

The summation in (2.12) is taken over all possible configurations Ap Ap,
-++Ap, such that 2<p; <py<-ro<pp<n- 1 and 0<k<n-2;if k=0 we

take Ay, -+ Ap, = 1. The symbol z/]'?means that the variable z;, has been re-

moved; thus
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2\ VA
Bn—k(o; ZO’ zl,..-,zjl,...,ziz,-.-,zjk,...,zn-l)

=B (0 zo:zl9""z l:z]l 1,...,‘21 -1

+l,ooo,z —l’z ,.o',z )’

7y T k+l n-1

To prove Theorem 2, we need the following technical lemma concerming the
remainder polynomials.
Lemma 2. If n> 1, then
n+1(0 Zos Zys Zyrttvs 2 )

(2.13)
= zOBn(O; Zge Zgs Zzstots zn) - zan(O; Zys Zgtts Zn)-

1/n22,z0;é0 and zI;éO, then

Bn(O; Zgs Zys Zzs Byo v Zn)

(2.19) = Bn(o; Zgs Zgs Byytt vy Zn) - (Zo/zl)Bn((); Zpe Bt zn)°

Proof. Consider (2.13). If n =1, then
zOBl(O; zo) - zOBl(O; zl) = zo(— zo) - zo(- zl) =- zg +2z)z, = BZ(O; z,, zl).

Let » be a positive integer and suppose that (2.13) holds for the integers k
such that 1<k <n. Then by (1.5),

n+l
2-
n+2(0 EVEITEPYRREEE 1)=—_z: zZ"’ kBle(O;zo’zl""’zk-l)
n+l
=— 2zl (0,2 )= Y 272 %z (B, (05 z,, 2,0 vvh 2, )
=% z1 BV Fg k 0 Pr-1\h %o 222 |

k=2
- Bk_l(O; E TR PTRER zk-l)]
n+l

=_zg+2 -z, Z z:+2-kBk-l(0; Zgs Zgr vy 2

)

k-1

n+l
n+1 n+2—k . e e
+ 2521 *t 32 Z Zk B,-100; z,, 2y ’zk-l)
k:z
=208, 20 70 230 0005 7, ) = 20B, (05 2y, 2y e 2 )
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For the proof of (2.14) note first that BZ(O; L zz) - (zo/zl)BZ(O; z 22) =
—zg+z0 zz—(zo/zl)(--zf+zl zz)=—z§+zoz2+z0 z, -z, zz=—zg+
zg 2= BZ(O; z., zl)- If (2.14) holds for the integers k such that 2 <k <mn, then

)

n+l
_ n+l n 2-k
=-z7" - zl(— zo) - kz:s zZ* Bk_l(O; Zgs 215 2

B (0;20:211237"’72

n+l n+l

)

3’...,zk—l

—

n+

_ n+l n . - +2-k
=-zg" + 2,2 —kz3 zz [Bk_l(O; 20, Zy, z3,~-',zk_l)

%o
Tz, Bi_1(05 210 2 -, zk-l)]
n+l

__n+l _  =n . _ n+2-k .
==z ZZBI(O’ zo) ,,23 zy Bk_l(O, zg, zz,'--,zk_l)

)

z, n+l
0 -
+z z"+z§'Bl(0; zo)+z— > ZZ+2 kBk_l(O; Zys Zys ey 2

071 -1
1 k=3 k

n+l
1 - 2-k
=-zgt - ZzZ"’ Bk-l(o; Zg 2, z_’»""’zk-l)

k=2

26 +1 1 w +2-k
n n . nts= .
+-Z—l— zy +zZBI(0, zo)z—o+k§3 zy Bk—l(o’zl’ zz,...,zk_l)

= Bn+1(0; Zgs Zps Zgrte s zn+l)

z n+l
0 1 2-k
+z—l [ZEH +z’2‘Bl(0;zl)+kZ‘3 zp* 7 B, _,(0; z,, zz,...,zk_l):l

= Bn+1(0; 2oy Zyycees zn+1) - (zo/zl)Bn+l(0; Zps Zyr vy Zn+1)a
and this completes the proof.

Proof of Theorem 2. The proof is by induction; the case n = 2 has been es-
tablished. Suppose now that n > 2 and (2.12) holds for the integers & such that
2<k<n-1. Taking m =n in (2.11) and expanding the determinant by the first

column, we have
Cn()\l; zo, cee, zn-l; )\1, ceey )\n)
= (- D"[(- 1)"’1(z0 - )\I)Cn__l(/\z; LIV R T Ay )\3, ceey )\n)]
— (= D"(- 1)"'1(20 - )‘Z)Cn-l()‘l; Zgr Zprtta Zo 4 Ay )\3, ey An)].

By the induction hypothesis,
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Cn()tl;zo,...,zn_l;/\l,.-.,)\)

zl—)tz
=—(zo —)\1)< 7 >

Z (—-l)kA] ...A B (O;zl’22,..-,{‘\,-.-,4,\,--o,2
1

jk'n-k-l

3$i1<---<jk5n—-l

0<ks=n=3
z —A
0 1
+(z-A)
Zo
S DR A B O e e B ).
] J, n=k=1"270" "2 ] j n-1
35j1<-..<jksn-l 1 k 1 k

0<k<n=3

By (2.13) and (2.14), the coefficient of (=) - A,)/z,) (= DFA, --- A,

X is given
by

N A\

—(zy =2z )20B, 105 2, 250 00 By Ty T Fee
. 2N
+ (ZO —)"Z)Bn—k-l(o’ Zgs By mt zfl’ R sz, I n-l)
- (0. N 2N\
= ZOBn-k—I(O’ zo, zz, ceey Zfl’ ceey zjk, ceey, zn—l)
VAN S
..ZOBn-k—l(O; zl, ZZ’ -.-,zil, ...,zj s ey zn—l)
. /N
- /\Z[Bn_k_l(o, g Fpp ez z, )
2\ AN
—_ (ZO/ZI)Bn—k—I(O’ ZI’ ZZ’ ey zjl, ey zjk, ey zn—l)]
_ . N\
—Bn-k(O, z0, 24, z2,-o-,zjl,~-~,z].k,-~-,zn_1)
7\ N\
—)\ZBn-k-l(O; ZO’ zl, ZZ’ ey jl’ ...,zjk, .oy n-l).
Hence,
cn()\l; Zgr ey Z g ’\1»’ cee, An)
z, = A
0 1
=< . > > DA, .o
0 35,‘1<...<,~k5,,-1 ! TE
O<k<n=-3
AN PN
. Bn—k(o; ZO’ z], ...,zjl, o-.,zjk, ”"Zn-l)
2=
(= 2 DRI LA
z . . 151 lk
0 35;1<---<]ksn—l
O<k<n-=3 A
A N
‘Bn_k_l(O;ZO,ZI,ZZ9“"Z~,"'$ZA,"‘QZ 1)
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z,—A
0 1
-\ — > (- D*A e
0 25j1<---<jk§n-l 1 k
O<k<n-2
= ! 2\ 2\
. Bn_k(O, ZO, zl, sy, zjl, ...,zjk, e, zn—l)’

and this completes the proof.

We conclude this section now with a lemma to be used in § 3 below.

Lemma 3. Let n> 1 and suppose that the complex numbers Zgp ez,

lie in the disc |z| <W. Then

(2.15) 1B, 0525, -5z, JI<1.

Moreover, there exist complex numbers CO’ 41, cees Cn_l on the circle |z| =W
such that

(2.16) |Bn(0; Qo,g“l,...,én_lﬂ =W"H .

Proof. Let w, =2,/W, 0<k<n-1. Then lwkl <1, 0<k<n-1, and
(2.7), (2.9) and (1.6) imply an(O; Zgs otz 1)1 = W”an(O; Wos* ooy wn_l)l
< W"Hn < 1. For (2.16), the maximum principle permits us to choose points w !
wl', s wn'_1 on the circle |z| = 1 such that IBH(O; wo', ey wn'ﬁ 1)l = Hn. If

{=Ww), 0<k<n-1, then [B (0; s+, _N=IwB (0;wg, 5w )l

= W"H , and this completes the proof.

3. Matrix transformations on the space ar. If > 0, we denote by Gr the
complex vector space of functions analytic in the disc D = fz: lz| <l Gr,
given the topology of uniform convergence on compact subsets of D , is known
to be a Fréchet-Montel space [8]).

Let A € ¢, have terms in D and define Uo(z) =1, Un(z) =(z - Al)(z - )\2)
coaz - )\n), n=1 2,3 +... Then {Unif;o is a basis for G, [10]; in face, f =
2:’:0 a,0,  is the Newton series expansion for [ € @r. It is not difficult to show
that [ =2 a o belongs to d if and only if lim sup_ la | <7~ 1. Thus
we may identify G, with the space of complex sequences x = (xo, X -) such
that lim S“Pn_.ool",,l Vn < 1/r.

Let M be an infinite complex matrix and let f=(/,, [, )€ G'. Then M/

n—oo

is the sequence whose nth term is given by (Mf) =2¥ M /. We say that M
maps G, to ar provided that [ € G' implies Mf € ar. The following theorem of
M. M. Dragilev ([5], [6]) characterizes a large class of matrix transformations on

@

’”

Theorem 3. Let M be an infinite upper triangular matrix such that M, , =

1, 0< k<o, let N denote the unique upper triangular inverse of M, and suppose
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R > 0. A necessary and sufficient condition that either M or N map & one-to-
one and onto a for each r> R is that

v
(3.1) lim sup [max |M LRI ] "<
n—00 0<j<n -
and
1/
(3.2) lim sup [max [N, |RI=% |7 <1.
n—oo O<j<n in -

Furthermore, it is not difficult to show that either M and N simultaneously map

(ir one-to-one onto itself or neither does.

Lemma 4. Suppose R >0 and let {N}y | and {z,}7_| be sequences in D
such that A, — 0 and |zk| <WR, 0< k< oca. Then the matrices A and B of
(2.10) satisfy (3.1) and (3.2).

Proof. Consider the matrix B. If T = |)\n|, 1<n<o, and j <k, then

1Bl = Iz, = A, ), - A, 2) ez = A

j i+
SWR+ 7, JWR +7 <« (WR + 7))
b
= (WR)*=1[(1 + rl.+1/WR) e (14 rk/WR)]
<WR* (1 + € )1 +¢,) -+ (1 +¢,),
where €, = rn/(WR). Now €, = 0 and therefore

lim [0+ e )T 4e) e (Lre )71

n—00
Since W < 1, we have lBjklRf"F SWETT(L+ e +e) - (1+¢) <
(1+eN1+e€,)--(1+¢,) and it follows that
1 2 k
B[R Ve
lim su <L
im sup [om?xk ik ]

k—0o
For the matrix A, (2.7) implies

|A klR" =|C,_ ()\,.+1/R; z]./R, ceesz, /R )\j+l/R, ooy A /R,

for j < k. By the maximum principle, there exist points Wy Wi e

circle |z| = W such that |A].k|R’_’c < lCIc—-j(#j.p.l; Wor ot s Wy g5 g0ttt ) s where
;= )tl./R, 1< i< e By (2.12)and Lemma 3,

"9wkonthe
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S s
4 IRk |12 )3 e, ey 1eee ey, |
j j+2$pl<.--<pn5k—l 1 2 i
O<n<k—j-2
W+l
<= Ul DA ey ) e U gy D

Since I#n! — 0, it follows that lim sup,_, [ma"Os,’sk |AI.,€|R’."‘]I/’e <1, and
this completes the proof.

Theorem 4. Let [ be analytic in D, let 0 <R < 1, and suppose that
tz b0 and W\ 17| are sequences in D such that lzkl < WR, 0<k < oo, and
A, — 0. Then

(3.3) f(z) = Z Ak/(zk)Ck(z; Zogs iz, g Apy eees A ),
k=0

k

with uniform convergence on compact subsets of D.

Proof. By Theorem 3 and Lemma 4, the matrices A and B map &r one-to-
one and onto &r for each r> R, where 0 < R< 1. Thus A and B map @1 one-
to-one onto itself. By a theorem of Kéthe and Toeplitz (9], A and B are weakly
continuous and, hence, [11, p. 158] are continuous. It follows that {A(C’n)}::o
is a basis for &1, since {Un}:___o is a basis. But (2.8) implies that A(Un)(z) =
Cn(z; Zgs a2, 05 Ay v /\n) (0 < n < =), and therefore functions f 6@1 admit ex-
pansions /(z)= 22;0 aka(z; CINEEERE TRT )\I, cee ’)‘k) with uniform convergence on
compact subsets of D. The linear functionals g — Al g (z].), 0<j< e, are
readily shown to be continuous. This fact, together with (2.6) implies a, =
A*f(z,), 0 <k <, which completes the proof.

Since R <1 is arbitrary in Theorem 4, (3.3) implies that C, > W for all
A € cy, which proves the first part of Theorem 1. To complete the proof of The-
orem 1, we will prove that for each Ae 11, there exists an extremal function F
€ Gl such that each of AI;'F(Z) has a zero in |z| < W but F # 0. With the expan-
sion (3.3), this will imply C, <W forall A €1,

Thus suppose A €/, and let Ty = l)\kl, 1 <k <. Then the sequence s =
T+ r)@+r)e (14 rn) converges [7, p. 223] and so there exists a constant
K> 1 such that (1 +7r)(1+7,).-(1+7 )<K forall n

Let N be a positive integer such that r < W/2, for n > N, and such that
2% NTo <B/(B+2) (see (1.7)). If n >N, there exist, by Lemma 3, points zo"),

(n) (n)
zl g o e

©»2 | on |z| = W such that
n—

—H
(3.4) an_N(O; zg\;’), zgv"zl, cee, zizn_)l)l =W" Hn

-N*




382 G. W. CROFTS AND J. K. SHAW

For n > N, define Fﬂ(z) = Cn(z; ZE)")’ R S STRRE )‘n)- By (2.8), we have

n—-1

R /\n)Ok(Z).

n=1" "k41? "

n
(3.5)  F (2)= kz_:o C Ay Zg;:), cee, 20 A

As in the proof of Lemma 4,

. (n) (n) .
‘Cn—k()\b&l’zk ’.“’Zn-l’/\k&l’.”’)\n“‘

<+ DA + 7D+ 7)) oo (W r ) (W + 1)/WK,

for 0 <k < n. Therefore for n >N and z €D, an(z)l <((W+ 1)/W)K 22:0 |0k(z)|--
Noting that {ok} is a basis, the sequence {Fn}:;N is uniformly bounded
on compact subsets of D. Therefore, there exists a set § of positive integers
such that the sequence §Fn §n es converges uniformly on compact subsets of D to
a function F € &1. For each nonnegative integer k, the sequence {Aan§n €s
converges uniformly on compact subsets to AFF, by continuity of the map [ —
A¥f. Since Aan(zL")) =0, n €S, uniform convergence implies that A*F has a
zero on the circle |z\ = W.

To complete the construction, there remains to show F #0. Since F(z) =
FA)+ 22, AkF(Ak“)Uk(z), it suffices to show that ANF()\N+1) # 0. By (3.5).

\ (n) ceey z(n) A

N+1EN? n=17 N+1”"’)‘n)°

N .
ATFQy ) = lim C,_

For each n > N + 2, (3.4), (1.7) and (2.12) imply that

. ,(n) (n) .
1€, nAny1s 2R s 20 Ayarr oo M)l
(‘II)
z A
N N +1
o e R )y Ty Ty "0 Ty
ZN N+25p1<‘..-<pmsn_1 172 m
leme<n=-N=2
Writing 7 =7y, 0+ TN,z " T T s the previous inequality implies
() (n) .
\Cn-N(AN+1’zN ? ”"zn-l’)\N+1’ ’)\n)‘
W—W‘;Z 2 n=N-—2
R A RETIEL
1 = (& Yyl.1 = ( B \| B
232 <2 > >3 ¥8-L ) ("7

for each n €S with » >N + 2, and it follow that |AYF(Ay I >B/4>0.
Remark. Fix p > 0 and define C, , to be the supremum of numbers ¢ >0
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such that if [ € Gp and each of Af/(z), 0 < k< o, has a zero in |z| < ¢, then
f=0. By taking 0 <R <p in Theorem 4, we see that C, > pW forall A €c,.
IfAel,, leep=p~ = (o~ 1)\1, p- 1)\2, -++) and construct the extremal function
F e GI with respect to the sequence p. Define G(z) = F(z/p). Then G € @p,
G #£0, and each of A’: G(z) has a zero on |z| = pW. It follows that Cx,p: pw
for A el,.

Added in proof. The authors wish to thank Professor J. L. Franks for point-

ing out this problem.

REFERENCES

1. J. D. Buckholtz, Zeros of partial sums of power series. II, Michigan Mach. J.
17 (1970), 5—-14. MR 41 #3718,

2. J.D. Buckholtz and J. L. Frank, Whittaker constants, Proc. London Math. Soc.
23 (1971), 348-370,

3. J. D. Buckholtz and J. K. Shaw, Zeros of partial sums and remainders of power
series, Trans. Amer. Math. Soc. 166 (1972), 269-284.

4. P.J.Davis, Interpolation and approximation, Blaisdell, New York, 1963. MR 28
#393,

5. M. M. Dragilev, On the convergence of the Abel-Goncarov interpolation series,
Uspehi Mat. Nauk 15 (1960), no. 3 (93), 151-155. (Russian) MR 22 #4839,

6. J. L. Frank and J. K. Shaw, Abel-Goncarov polynomial expansions,J. Approxi-
mation Theory (to appear).

7. E. Hille, Analytic function theory. Vol. 1, Introduction to Higher Math., Ginn,
Boston, Mass., 1959. MR 21 #6415.

8. G. Kothe, Topological vector spaces. 1, Die Grundlehren der math. Wissenschaften,
Band 159, Springer-Verlag, New York, 1959. MR 40 #1750,

9. A. L. Perissini, Concerning the order structure of Kéthe sequence spaces. 11,
Michigan Mach. J. 11 (1964), 357-364.

10. M. Pommiez, Sur les différences divisées successives et les restes des séries
de Newton généralisées, Ann. Fac. Sci. Univ. Toulouse (4) 28 (1964), 101-110, MR 33
#7559b.

11. H. H. Schaefer, Topological vector spaces, Macmillan, New York, 1966. MR 33

#1689.

DEPARTMENT OF MATHEMATICS, VIRGINIA POLY TECHNIC INSTITUTE AND STATE UNI-
VERSITY, BLACKSBURG, VIRGINIA 24061




